Abstract. We introduce the notion of commability between locally compact groups, namely the equivalence relation generated by cocompact inclusions and quotients by compact normal subgroups. We give a classification of focal hyperbolic locally compact groups up to commability. In the mixed case, it involves a real parameter, which is shown to be a quasi-isometry invariant.
Introduction
Classically, two groups are called commensurable if they have isomorphic finite index subgroups, and commensurable up to finite kernel if they have finite index subgroups that are isomorphic after modding out by a finite normal subgroup. It is easy to check that these are transitive (and hence equivalence) relations. In the setting of locally compact groups, it is natural to consider the same relations by only considering open finite index subgroups and topological isomorphisms. However, another variant is to replace finite index open subgroups by cocompact closed subgroups, and compact kernels. This is a natural setting, in view of the fact that cocompact closed embeddings and quotients by compact normal subgroups are coarse equivalences. A difference with the previous setting, however, is that the intersection of two closed cocompact subgroups may not be cocompact: for instance consider the lattices Z and √ 2Z in R. A consequence is that the proof that these relations are transitive falls down, and they are indeed not transitive (this follows from [MSW03, Corollary 10]). It is still natural to consider the equivalence relations they generate.
We abbreviate locally compact group into LC-group. For a homomorphism between LCgroups, write copci as a (pronounceable) shorthand for continuous proper with cocompact image. A copci homomorphism f : G → H obviously factors as the composition G → G/ Ker(f ) → H of the quotient map by a compact normal subgroup and an injective copci, and the latter can be viewed as a topological isomorphism onto a cocompact closed subgroup. Definition 1.1. Let us say that two LC-groups G, H are commable if there exist an integer k and a sequence (called commability) of copci homomorphisms (1.1)
where each sign − − denotes an arrow in either direction. If all the above homomorphisms are required to be injective, we call G and H strictly commable. If all G i are required to belong to a certain class C of groups, we say that G and H are commable (or strictly commable) within C.
For instance, for discrete groups, commensurability up to finite kernels (resp. commensurability) is the same as commability (resp. strict commability) within discrete groups. On the other hand, many discrete groups, including semidirect products Z 2 Z occurring as lattices in SOL, are commable but not commensurable.
Here are three (related) classical motivations for the study of commability:
• The quasi-isometric classification. Indeed, two commable locally compact groups are always quasi-isometric, and many examples of quasi-isometric groups are actually commable by construction. A natural question, asked in an early version of [C13] is to find two compactly generated locally compact groups (e.g., discrete) that are quasi-isometric but not commable. Carette and Tessera checked that if Γ 1 , Γ 2 are non-commensurable cocompact lattices in, say SL 2 (C), then Γ 1 * Z and Γ 2 * Z are not commable although they are quasi-isometric.
• The so-called study of "locally compact envelopes". In the setting introduced by Furman [Fu01] , it consists, given some finitely generated group Γ, to classify locally compact groups in which Γ admits an embedding as a cocompact lattice. However, in the setting of [Fu01] , it seems that part of the methods essentially use only the quasi-isometry class and might be modified to give a full classification of the whole quasi-isometry class (within locally compact groups). In the realm of solvable groups, further examples were recently obtained by Dymarz [Dy13] .
• The study of "model spaces". Indeed if G = Isom(X) for some proper metric space X with a cocompact isometry group, then a copci homomorphism H → G is the same as a continuous proper cocompact isometric action of H on X. Thus two σ-compact LC-groups H 1 , H 2 admit copci homomorphisms into the same LC-group if and only if they have a common "model space"; this is a strong form of commability. Certain quasi-isometry classes of groups are characterized by those groups with a continuous proper cocompact action on a certain "model space" X. Here we rather emphasize the group G, because the space X is sometimes less canonical than the group itself. Section 2 focuses on generalities on commability, especially related to the relevance of the necessity of modding out by compact normal subgroups. It therefore involves a general discussion on the polycompact radical W(G) of a locally compact group G, namely the union of its compact normal subgroups. In many cases, this subgroup is compact, but it can also fail to be compact, in which case its closure is also non-compact; it can also even fail to be closed; however we use a difficult result of Trofimov to show: Theorem 1.2. If G is a compactly generated locally compact group, then W(G) is a closed subgroup.
Examples of compactly generated locally compact groups with W(G) not compact are easy to exhibit (e.g., finitely generated groups with an infinite, locally finite central subgroup); we provide, in §2.B, a more difficult example of a pair of cocompact lattices Γ 1 , Γ 2 in the same compactly generated locally compact group (thus Γ 1 and Γ 2 are finitely generated) such that W(Γ 1 ) is finite (actually trivial) and W(Γ 2 ) is infinite.
We now especially focus on the study of commability in the context of focal hyperbolic LC-groups, which we abbreviate here as focal LC-groups. Since in this paper we favor an "algebraic" point of view rather than geometric, we use the following definition for focal groups. Definition 1.3. Let α be a self-homeomorphism of a Hausdorff topological space X. We say that α is compacting if there exists a compact subset Ω ⊂ X (called vacuum subset) such that for every compact subset K of X, there exists n ≥ 1 such that α n (K) ⊂ Ω. We say that an LC-group G is a focal group if it is topologically isomorphic to a topological semidirect product N Λ with Λ ∈ {Z, R} with N noncompact, such that the action by conjugation of each positive element of Λ induces a compacting automorphism of N .
Example 1.4. If (V i ) i=1,...,n are finite-dimensional vector spaces over a nondiscrete locally compact normed fields K i , and φ i is an automorphism of V i with spectral radius < 1, then φ : (v 1 , . . . , v k ) → (φ 1 (v 1 ), . . . , φ k (v k )) is a compacting automorphism of V = i V i . (It is actually contracting, in the sense that every neighborhood of zero is a vacuum subset.)
It was established in [CCMT] that an LC-group is focal if and only if it is non-elementary Gromov-hyperbolic and amenable.
Given a focal group G, we are mainly interested in the description of those locally compact groups H that are commable to G. This question splits into the internal and external parts, according to whether H is focal or not.
If G = N Λ is a focal group, a straightforward argument shows that the kernel of the modular homomorphism ∆ G is N ; in particular, N is a characteristic subgroup of G, and is also the kernel of any nontrivial homomorphism into R. Denote by N
• the identity component of N . The type of a focal group is a commability invariant. The main purpose of this paper is to classify commable focal groups LC-groups up to commability within focal LC-groups.
For every focal LC-group W(G) is compact and is thus the maximal compact normal subgroup of G; if W(G) = 1 we say that G is W-faithful.
We say that a focal LC-group G is focal-universal if W(G) = 1 and for every focal group H commable to G within focal groups, there is a copci homomorphism H → G. Theorem 1.6. If G is a focal LC-group of connected type, then its commability class within focal groups contains, up to isomorphism, a unique focal-universal LC-groupĜ. Thus, a focal LC-group H is commable to G within focal groups if and only if H admits a copci homomorphism intoĜ. Example 1.7. If G is a closed cocompact subgroup in Isom(X), where X is a rank 1 symmetric space of noncompact type and suppose that G fixes a point ω on the boundary ∂X. Then G is focal of connected type andĜ can be identified to the stabilizer Isom(X) ω . For instance, when X is a real d-dimensional hyperbolic space (d ≥ 2), we can choose G so that it can be identified to the group of affine homotheties of the Euclidean space R d−1 , and thenĜ can be identified to the group of affine similarities of R d−1 . Another example is when G = G λ (λ ≥ 1) is the semidirect product R 2 R, where t ∈ R acts on R 2 by t · (x, y) = (e t x, e λt y). If λ = 1 this is a particular instance of the previous case; now assume λ > 1. ThenĜ can be identified to the semidirect product R
(R × {±1}
2 ), where the action of R is the same, and the action of (ε 1 , ε 2 ) ∈ {±1} 2 is given by (ε 1 , ε 2 ) · (x, y) = (ε 1 x, ε 2 y). Thus G λ has index 4 in G λ for λ > 1 (while G 1 has infinite index, and actually positive codimension, in G 1 ). This is, in a sense, the best possible situation. Indeed, it can be checked (Corollary 7.10) that no focal LC-group not of connected type is focal universal. Still, the commability classification can be made, using suitable invariants.
First, for G focal of totally disconnected type, the range of its modular function is the multiplicative group generated by some integer s G ≥ 2. Define q G as the minimal root of s G , that is, the minimal integer ≥ 2 having s G as an integral power.
Example 1.8. Fix a prime p. Let φ be an automorphism of Q k p of spectral radius < 1, an consider the semidirect product G = G φ = Q k p φ Z, where the positive generator of Z acts by φ (this is a particular case of Example 1.4 with n = 1). Then s G = p , where is the p-valuation of the determinant of φ. Proposition 1.9. Two focal LC-groups G, H of totally disconnected type are commable within focal groups if and only if q G = q H (equivalently, s G and s H have a common integral power).
If G is focal of mixed type, G/G
• is focal of totally disconnected type and we define
• can be thought of as the totally disconnected side of G. Actually, G also admits a connected side, which can also be viewed as a quotient G/G of G, which is focal of connected type. Here G is the elliptic radical of G, that is, the largest closed normal subgroup in which every compact subset is contained in a compact subgroup. It is no surprise that both the commability classes of G/G
• and G/G are commability invariants of G. Interestingly, there is a third numerical invariant, which relates both sides by comparing the speed of contraction in the connected and totally disconnected parts.
The modular functions of G/G • and G/G define, by composition, homomorphisms ∆ td G , ∆ 
where the positive generator of Z acts on the ring R×Q p by multiplication by (s, t), where s, t are elements of norm in ]0, 1[ of R and Q p respectively (this is a particular case of Example 1.4 with n = 2). Then G = v p (t)/ log p (|s|). If we do the same with R replaced by C, then G = v p (t)/2 log p (|s|) (the point being that the multiplication by s multiplies the Haar measure of C by s 2 ). 
The three above results concern commability within focal groups. It turns out that for most focal groups, the commability class actually consists of focal groups and thus commability within focal groups and commability are just the same. Proposition 1.12. A focal LC-group G is commable to a non-focal LC-group exactly in the following two cases:
• G is of totally disconnected type;
• G admits a copci homomorphism into the group of isometries of a rank 1 symmetric space of noncompact type.
To complete the commability classification of focal LC-groups, it is therefore enough to consider the groups in Proposition 1.12. An easy result (Proposition 7.6) contrasting with Proposition 1.9 is that all focal LC-groups of totally disconnected type are commable. To deal with the connected type, an argument based on quasi-isometries is needed, namely Mostow's result that non-homothetic symmetric spaces of rank 1 and noncompact type are pairwise non-quasi-isometric. An even simpler argument based on the topology of the boundary shows that focal groups of different types are not quasi-isometric and hence not commable. Using this and Proposition 1.12, we deduce Proposition 1.13. Let G, H be focal LC-groups. Then G and H are commable if and only if either
• G and H are commable within focal groups, or • G and H both have totally disconnected type.
This completes the commability classification, but still it does not gives a full description of commability classes in the special cases. Indeed, this requires a locally compact version of known quasi-isometric results. This results in: if X is a symmetric space of rank 1 and noncompact type, then a locally compact group is quasi-isometric to X if and only if admits a copci homomorphism into Isom(X). See the discussion in [C13] , which also includes a discussion in the totally disconnected type case.
We finally come to the fact that the invariant is a quasi-isometry invariant.
Theorem 1.14. If G 1 , G 2 are quasi-isometric focal groups, then (G 1 ) = (G 2 ).
The proof uses the topology of the boundary of those groups, as well as a double use of the invariance of the vanishing of L p -cohomology in degree 1. On the other hand, T. Dymarz [Dy12] recently proved that the non-power integer q G is a quasi-isometry invariant of the focal group of mixed type G. Combined with the previous theorem, this provides some partial results towards the quasi-isometry classification of focal groups.
Definition 2.1. Let G be a locally compact group. Define its polycompact radical (or polyfinite radical if G is discrete) and denote by W(G) the union of all compact normal subgroups of G. If W(G) = {1} we say that G is W-faithful. Let B(G) (sometimes referred as topological FC-center) be the set of elements in G whose conjugacy class has a compact closure
Note that W(G) is compact if and only if it has a compact closure, and if this holds then G/W(G) is W-faithful. The letter B stands for bounded, since it corresponds to elements of G inducing a bounded inner automorphism α, namely such that {g −1 α(g) | g ∈ G} has a compact closure.
Recall that a locally compact group G is elliptic (or locally elliptic) if every compact subset is contained in a compact subgroup. An element g ∈ G is elliptic if it is contained in some compact subgroup.
Definition 2.2. The elliptic radical of G is the union G of all its normal closed elliptic subgroups.
By a theorem of Platonov [Pl66] , G is a closed elliptic normal subgroup. The class of elliptic LC-groups is stable under taking extensions. In particular, G/G is W-faithful for every locally compact group G. Also, for any locally compact group G we have the inclusion W(G) ⊂ B(G) ∩ G . Of course B(G) need not be contained in G , but is not much larger, by the following fact, relying on results of Wu-Yu [WY] : Proposition 2.4. Let G be a locally compact group.
(1) the quotient B(G)/(B(G) ∩ G ) is abelian and isomorphic to the direct product of a vector group and a discrete torsion-free abelian group:
• W(G); the subgroups B(G)
• and W(G) are topologically characteristic, and the intersection B(G)
• and in particular is compact and connected; the quotient B(G)
• and the elliptic group B(G) = W(G), and
Proof. Define H = B(G). Then B(H) contains B(G) and hence is dense in H, which is the condition under which the results of [WY] can be applied.
That the set E of elliptic elements in H is a closed subgroup is [WY, Lemma 6] . It immediately follows that E = H ∩ G . By [WY, Theorem 5] , H/E is abelian with the given structure, proving (1).
Clearly B(G) ∩ G ⊃ W(G); conversely, if an elliptic element g belongs to B(G), let C g be the closure of its conjugacy class; then L is compact and contained in E, so the closed subgroup it generates is compact and normal in G, and hence g ∈ W(G). This proves (2).
Let us now prove (3) and (4) • is a connected locally compact group, it is enough to check that P is dense. Indeed, we have a surjective homomorphism H/H • → V /P , and the former being totally disconnected, we have V /P = {1} whence P = V . Thus V = H
• /I is a vector group; in particular it follows M = H . Another consequence is that H
• is a projective limit of connected Lie groups that are extension of a compact group by a vector group; such a group is necessarily 2-nilpotent, its maximal compact normal subgroup is connected (by simple connectedness of the vector group); hence
• ⊂ I; it is actually contained in all subgroups under consideration (including B(G)
• and W(G)) and therefore it is enough to prove all remaining results assuming W(G • ) • = {1}, as we now do until the end of the proof.
In this case we have to check that H • is a vector group. Since we have checked that
• and hence is trivial, so H
• V is a vector group. Also since the image of H
• in H/K is all of V , it follows that H = H • H and hence H = H
• × H ; since G is σ-compact, this direct product is topological; clearly both factors are topologically characteristic.
From this direct product decomposition, it immediately follows that B(
• is a vector group and H • ∩ B(G) is clearly a vector subspace (because the topological group automorphisms of a vector group preserve the real vector space structure). Hence H
• ⊂ B(G), from which it follows that
Remark 2.5. (See also Theorem 2.8.) The subgroups W(G) and B(G) may be non-closed, as was initially observed by Tits [Ti64, Proposition 3]; here we follow the similar [WY, §6, Example 1]: let R = Z/nZ for some n ≥ 3 and R × its group of units and
is the direct sum of copies of R indexed by N).
We have W(Q p ) = Q p , which in this case is closed and noncompact. An example with W(G) closed and non-compact, which in addition is compactly generated also exists, namely a suitable 4-dimensional p-adic Lie group whose center is isomorphic to Q p . (See also the examples in §2.B.) Lemma 2.6. Let G be any LC-group. The set of elliptic elements in B(G) is a closed subgroup, whose intersection with B(G) is W(G). In particular, if B(G) is closed then so is W(G).
Proof. That the set E of elliptic elements in B(G) is a closed subgroup is [WY, Lemma 6] . Clearly W(G) consists of elliptic elements belonging to B(G); conversely, if an elliptic element g belongs to B(G), let C g be the closure of its conjugacy class; then L is compact and contained in E, so the closed subgroup it generates is compact and normal, and hence g ∈ W(G).
This allows us to prove the following proposition, which is less obvious than it may seem at first sight.
Proposition 2.7. Let f : G → H be a copci homomorphism between locally compact groups.
Proof. By properness, f −1 (W(H)) ⊂ W(G). So we have to prove the other inclusion, namely
Since f (K) also consists of elliptic elements, by Lemma 2.6, it follows that f (K) ⊂ W(H).
We now show Theorem 1.2, and actually prove the more general result; it was already observed in [Mo03] that it holds in the totally disconnected case as a consequence of Trofimov's results and Cayley-Abels graphs.
Theorem 2.8. If G is a compactly generated locally compact group, then B(G) and W(G) are closed subgroups. In particular, there exists a compact normal subgroup M of G such that
Proof. Let us first check the following independent claim: if G is a σ-compact locally compact group such that W(G) is closed, then
To prove (1), write W(G) as a union of a nondecreasing sequence (W n ) of compact open subgroups. Define W (n) = g∈G gW n g −1 . Then W (n) is closed, normal in G, and by definition of W(G) we have n W (n) = W(G). By the Baire category theorem, there exists n 0 such that W (n 0 ) has non-empty interior in W(G), and hence is open (since it is a subgroup). So every compact subset of G is contained in W (n) for some n ≥ n 0 .
To prove (2) let K be the normal subgroup generated by some compact neighborhood of the identity in W(G). Then K is compact (by (1)) and open in W(G).
Let us now prove the first assertion, namely that B(G) and W(G) are closed if G is compactly generated. By Lemma 2.6, it is enough to deal with B(G). We first check it when G is totally disconnected.
Trofimov [Tro] deals with the case of the automorphism group of a vertex-transitive finite valency connected graph (this is the hard case). Therefore, if G is a locally compact group with a proper transitive action j : G → Aut(X) on such a graph X then B(G) = j −1 (B(Aut(X)) is closed as well. Abels [Ab74, Beispiel 5.2] observed that any compactly generated totally disconnected locally compact group admits such an action (now known as Cayley-Abels graph).
So the first statement is proved when G is totally disconnected. To finish the proof, let us prove that for every locally compact group
• and the totally disconnected group M = B(G) . Therefore M ∩ B(G) is dense in M and it is enough to check that M ⊂ B(G). The composite homomorphism j :
if Ω is the inverse image of Ω in G, then j −1 (Ω) = Ω ∩ M is a closed elliptic subgroup of the connected-by-compact group Ω , and hence is compact; thus j(A) is compact as well and it follows that j is proper. Hence we can identify M with its image in G/G
• . Since B(G/G • ) is closed, the set of elements in M with a relatively compact conjugacy class is closed. Thus M ∩ B(G) being dense in M , it is equal to M . Accordingly,
Remark 2.9. If f : G → H is a copci homomorphism and H has a compact polycompact radical, then so does G, as a consequence of Proposition 2.7.
Nevertheless, to have a compact polycompact radical is not stable under commability. Indeed, consider the infinite alternating group Alt ∞ and the direct sum n≥2 Z/nZ; the former is W-faithful while the latter is equal to its polyfinite radical. By [BDHM, Lemma 5.1], Γ and Λ possess isometric left-invariant proper distances; thus if X is the underlying metric space, then both groups are cocompact in Isom(X).
More interestingly, there exist finitely generated groups that are quasi-isometric and actually commable (and cocompact in the same locally compact group), one with finite and the other with infinite polyfinite radical; see §2.B.
Lemma 2.10. Let G, H be commable groups. Assume that W(G) = W(H) = {1} and that every LC-group commable to G and H has a compact polycompact radical. Then G and H are strictly commable.
Proof. It follows from Proposition 2.7 that any copci homomorphism A → B between LCgroups with compact polycompact radicals factors through an injective copci homomorphism A/W(A) → B/W(B). The result immediately follows.
Remark 2.11. The condition "every LC-group commable to G and H has a compact polycompact radical" is hard to check in general. However, it it true in the following three cases:
• hyperbolic locally compact groups;
• locally compact groups with at least two ends;
• locally compact groups of polynomial growth.
Let us now go back to Definition 1.1. For the sake of readability, it is convenient to use arrows such as and to denote copci homomorphisms. For instance, we say that G, H are commable through if there exist LC-groups G 1 , G 2 and copci homomorphisms
Example 2.12. Let Γ be a cocompact subgroup of SL 2 (R) and Γ its inverse image in SL 2 (R). Then Γ and Γ × Z are commable through . Namely, denoting by T the upper triangular group in SL 2 (R) with positive diagonal entries, there are (injective) copci homomorphisms
2.B. An example for polyfinite radicals. We show here that among compactly generated locally compact groups, to have compact polycompact radical is not a commability invariant (and hence not a quasi-isometry invariant), and actually exhibit two finitely generated groups that are cocompact lattices in the same locally compact group, one of which has trivial polyfinite radical, and the other one having an infinite one.
If R is commutative ring (associative with unit), let H 3 (R) denote the Heisenberg group over R, namely those upper triangular 3 × 3-matrices with 1 on the diagonal. If t, u ∈ R × are invertible elements, define the automorphism ϕ(u, v, uv) of H 3 (R) defined by the assignment
We also define Z(R) as the subgroup of H 3 (R) consisting of the matrices such as above with (x, y) = (0, 0); it is the center of H 3 (R). We henceforth assume that R is a commutative F p [t, t −1 ]-algebra (t being an indeterminate), and we denote
we also define, for s, u 1 , u 2 in R × , the elements
and, for i = 1, 2
the notation means that the action is given by n·(A, B) = (α
Theorem 2.13. The polyfinite radical W(Γ 1 ) is trivial, while W(Γ 2 ) is infinite; Γ 1 and Γ 2 are finitely generated and are isomorphic to cocompact lattices in the same locally compact group.
Remark 2.14. The proof will also show that • the group Γ 1 is icc, that is, the only finite class is {1}, which also means that its FC-center B(G) (Definition 2.1) is trivial, while • the group Γ 2 has an infinite (locally finite) center.
Let us proceed to the proof, which is not particularly hard, part of the difficulty being to exhibit the group itself.
The easiest part is that W(Γ 2 ) is infinite: indeed, it contains (and is actually equal to)
, which is an infinite locally finite central subgroup (it is central in Γ 2 because the action of β 2 on the center is trivial).
The polyfinite radical W(Γ 1 ) is trivial; actually every nontrivial conjugacy class in Γ 1 is infinite, i.e., the FC-center B(Γ 1 ) is trivial (see Definition 2.1). To see this, argue as follows: since the centralizer of
2 would be nontrivial as well, but it is clear from the given action, and more precisely from the fact that none of s, s −1 u 2 , u 2 , s −1 u 1 , u 1 is a root of unity, that for every nontrivial element of H 3 (F p [t, t −1 ]) 2 , the set of its conjugates is infinite. Now let us come to the embedding. We first embed each Γ i in a locally compact group G i defined as
The natural discrete embedding of Γ i into G i is induced by the ring diagonal embedding of
, and is cocompact for standard reasons. That each G i is compactly generated is easily checked, since we can go up and down in the x and y directions, using that none of the elements s ±1 , s −1 u i , s −1 u 1 u 2 has modulus 1, and get the z-direction by performing commutators (the routine argument is left to the reader). It follows that the cocompact lattices Γ i are finitely generated.
Let us now describe each G i in a more convenient way, using the obvious "involutive" isomorphism F p ((t)) F p ((t −1 )), which exchanges u 1 and u 2 and "fixes" s: we have
. Let P be the 1-sphere in F p ((t)); this is a compact group under multiplication; note that u 1 ∈ P . Also define, for v ∈ P , ψ(v) = ϕ(1, v, v). Let us embed G i cocompactly in a larger group defined as
here the action of Z is still given by (α i , β i , δ i , γ i ), while the action of (
Note that this is a well-defined action of the abelian group Z × P 4 , because the two action commute. The conclusion of the proof is given by the following claim: M 1 and M 2 are isomorphic as topological groups. This is not hard to see: indeed, the automorphisms (α 1 , β 1 , γ 1 , δ 1 ) and
4 differ by an element of P 4 , namely the element (ψ(u
. Thus both groups of automorphisms isomorphic to Z × P 4 are equal (as subgroups of automorphisms of H 3 F p ((t)) 4 ) and M 1 and M 2 are isomorphic (note that the isomorphism thus involves switching the 3rd and 4th components, as we have switched δ 2 and γ 2 ).
Generalities on focal groups
Let us set up some generalities about focal group. We provide, insofar as possible, proofs that avoid using hyperbolicity or large-scale geometry arguments.
When an LC-group G is focal, we usually write G = N Λ as in Definition 1.3, where Λ ∈ {Z, R} compacts N .
Lemma 3.1. Every focal LC-group G has a compact polycompact radical.
If H is an LC-group and W a compact normal subgroup, then H is focal if and only if H/W is focal.
Proof. Clearly W(G) ⊂ N . If Ω is a compact vacuum subset for a compacting element, then clearly every compact subgroup of G contained in N is contained in Ω.
In the second statement, both verifications are straightforward.
Lemma 3.2. The subgroup N is the kernel of the modular function on G. If G is not of connected type, then Λ = Z.
Proof. If ∆ is the modular function, since N is compacted, the closure of ∆(G) is compact, and therefore is trivial. So Ker(∆) contains N ; hence it is either N or G, but the latter case is excluded since N is noncompact.
If by contradiction G is of totally disconnected type and Λ = R, then modding out by W(G) (see Lemma 3.1), we can suppose that W(G) is trivial, so N is totally disconnected and hence centralizes Λ. This contradicts that N is noncompact and compacted by Λ. If G is not of connected type, it follows from the definition that G/N • = (N/N • ) Λ is focal of totally disconnected type, so by the previous case we get Λ = Z. Lemma 3.4. Let G = N Λ be focal. Denote by π the projection G → Λ. Then for every closed cocompact subgroup H ⊂ G, the intersection H ∩ N is cocompact in N , the projection π(H) is closed (and cocompact) in Λ, and H is focal of the same type as G.
Proof. Let us first show that π(H) is closed (note that this is trivial if Λ = Z). If (h n ) is in
H and π(h n ) converges, write h n = ν n π(h n ) with ν n ∈ N . Conjugating by an element of Λ, we can arrange ν n (and hence h n ) to be bounded without modifying π(h n ). We freely use that the set of compactions of N is stable under multiplication by inner automorphisms [CCMT, Lemma 6.16] .
If Λ = Z or more generally if the projection of H in Λ has a discrete image,
σ is open of finite index in H for any σ ∈ H Ker(∆ G ); it is focal. If Λ = R, we discuss. If H • N , then H has a 1-parameter subgroup P on which log •∆ G is an isomorphism onto R. Thus H ∩ N is cocompact in N and H = (H ∩ N ) P is focal. If Λ = R and H • ⊂ N , then the image of N in Λ = R is countable, and since it is also closed by the beginning of the proof, it is discrete and this case was covered. It remains to check that H has the same type as G. In view of Lemma 3.1, we can suppose that W(G) = {1}.
• If G is of totally disconnected type, then H is totally disconnected, hence of totally disconnected type.
• If G is of connected type, it is a Lie group, and hence H is also a Lie group. So N ∩ H is a Lie group with a compacting automorphism, hence it has finitely many components. So H is of connected type as well.
• If H is of connected type, then N ∩ H is virtually connected. Since it is cocompact in N , it follows that N is connected-by-compact, hence virtually connected (since W(N ) = {1}), so G is of connected type as well.
• If H is of totally disconnected type, we use that N has a characteristic open subgroup of finite index N with a characteristic direct decomposition E × M , with E totally disconnected and M connected (see Proposition 3.3). So the projection of H ∩ N on E is finite. Since it is cocompact, it follows that M is compact, and thus G has totally disconnected type.
Remark 3.5. The last statement in Lemma 3.4 can also be proved using geometric arguments based on hyperbolicity and the topology of the boundary (see Proposition 8.3): indeed the latter is a Cantor space exactly in the totally disconnected type and is a topological sphere exactly in the connected type.
Lemma 3.6. Let G be a focal group. There exists a unique integer s G ≥ 1 such that the image I G of ∆ G is the multiplicative cyclic subgroup of Q * generated by s G . We have s G = 1 if and only if G is of connected type.
Proof. The uniqueness is clear.
If G has connected type, then G/G • is either compact or compact-by-Z, so G/G • is unimodular and we have s G = 1.
Otherwise, G/G • is focal of totally disconnected type, and hence we can reduce to when G = N σ Z is focal and totally disconnected. Then if K is an open compact subgroup of N such that σ(K) ⊂ K, the image of the modular map is the multiplicative subgroup generated by the index s G = [K : σ(K)]. We have s G ≥ 2, since otherwise K would have finite index in N , which would be compact, contradicting the definition of focal.
Lemma 3.7. Let f : H → G be a continuous homomorphism between focal LC-groups with cocompact image. Then f (H ) ⊂ G .
Proof. Composing with the projection, we can suppose that G = {1}. Thus G is a Wfaithful Lie group, Ker(∆ G ) is a virtually connected Lie group, and we need to show that H ⊂ Ker(f ). Since K = f (H ) is elliptic, it is contained in Ker(∆ G ) and hence is compact. Let G be the normalizer of K. Then G contains f (H) which is cocompact, and is closed; we have K ⊂ W(G ). On the other hand, by Proposition 2.7, we have W(G ) ⊂ W(G) = {1}. Hence K = {1}. 
• is a copci homomorphism between focal hyperbolic groups of totally disconnected type. (3) if G, H are not of totally disconnected type, the factored mapf : H/H → G/G is a copci homomorphism between focal hyperbolic groups of totally disconnected type.
Proof. For (1), this follows from the fact that ∆ G (f (H)) = ∆ H (H) is closed. For (2), we have to check is thatf is copci. Since the LC-groups involved are σ-compact, we have to check it has a compact kernel and a closed cocompact image. That the image is cocompact is clear.
We can suppose that W(H) = W(G) = {1} (using Proposition 2.7), and thus f is injective and G
• is a Lie group. In particular, any closed totally disconnected subgroup of
Recall
We deduce from the previous lines that H ∩ f −1 (G • ) is discrete; since it admits a compacting automorphism, it is finite. Since W(H) = {1}, it is thus trivial, and we deduce that Definition 4.1. Let G be a focal group, and let s G be the generator of the image of ∆ G/G • as in Lemma 3.6. We define q G = max √ s G and call it the q-invariant of G.
Proposition 4.2. Let G be a focal group. Then q G is the unique non-power integer such that the image of ∆ G/G • has finite index in the multiplicative group {q n G : n ∈ Z}. We have q G = 1 if and only G has connected type. The number q G is an invariant of the commability class of G within focal groups.
Proof. The first two statement immediately follow from the definition and Lemma 3.6. Let us prove the last one. Let f : H → G be a copci homomorphism between focal groups and let us show q H = q G .
Recall that H and G have the same type (Lemma 3.4), and in connected type we have q H = q G = 1.
Assume that G and H have totally disconnected type. Since G is amenable, we have ∆ H = ∆ G • f [BHV, Corollary B.1.7]. It follows that ∆ H (H) is cocompact in ∆ G (G); since these are cyclic groups, it has finite index, say k, and therefore we obtain that s H = s
If G and H have mixed type, thenf :
• is copci by Lemma 3.8, and since q G = q G/G • and q H = q H/H • we can reduce to the totally disconnected type.
Define, for every m ≥ 2, the group FT m as the stabilizer of a boundary point in the automorphism group of an (m + 1)-regular tree.
We begin with the standard observation:
Lemma
Proof. Let T be the (m + 1)-regular tree, ω a boundary point and x 0 a fixed vertex, and write G = FT m as the stabilizer of ω in Aut(T ). Consider the geodesic ray (x 0 , x 1 , . . . ) ending at ω. Let G x 0 be the stabilizer of x 0 , this is a compact open subgroup (actually fixing all x n for n ≥ 0). Extend this ray to a bi-infinite geodesic (x n ) n∈Z , and let h be a loxodromic isometry along this axis, mapping x n to x n−1 for all n ∈ Z. Let N be the subgroup of those elements in G fixing x n for large enough n, it is not compact since m + 1 ≥ 3. Then G = N h , and hG
Proposition 4.4. Let G be a locally compact group and q ≥ 2 a non-power integer. Then the following are equivalent: (i) G admits a copci homomorphism into FT q k for some integer k ≥ 1;
(ii) G is focal of totally disconnected type and q G = q. More generally, the following are equivalent, if m ≥ 2 is any integer.
(i') G admits a copci homomorphism into FT m k for some integer k ≥ 1; (ii') G is focal of totally disconnected type and s G is a power of m.
Proof. Suppose (i). By Lemma 4.3, FT q k is focal of totally disconnected type and its qinvariant is q. Hence G is also focal of totally disconnected type, and q G = q by Proposition 4.2. Conversely, suppose (ii). Write G = N σ Z, and let K be a compact open subgroup of G such that σ(K) ⊂ K and n≥0 σ −n (K) = N . We have [K : σ(K)] = s G = q k for some k. Thus G is the ascending HNN-extension of K endowed with its endomorphism σ. The Bass-Serre tree is (q k + 1)-regular, and G fixes a boundary point; this action is proper and vertex-transitive, so it defines a copci homomorphism G → FT q k . (This construction is already used in [CCMT, Lemma 6.7] .)
The more general equivalence is proved by exactly the same argument.
If G is a focal group of the form N Z (e.g., not of connected type), and n ≥ 1, define G
[n]
as the open normal subgroup N (nZ). It is the unique normal subgroup of G containing Ker(∆ G ) such that the quotient is cyclic of order n.
Corollary 4.5. Let G 1 , G 2 be focal hyperbolic groups of totally disconnected type. The following are equivalent: (i) G 1 and G 2 are commable within focal groups; (ii) q G 1 = q G 2 (i.e., ∆(G 1 ) and ∆(G 2 ) are commensurate subgroups of Q * ) (iii) there is a commation within focal groups G 1 G 2 ; (iv) there exists a non-power integer q ≥ 2 and an integer n ≥ 1, such that for i = 1, 2 there is a commation within focal groups G i FT
q ; (v) there exists a non-power integer q ≥ 2 such that for i = 1, 2, there is a commation within focal groups with G i FT q ; (vi) there is a commation within focal groups G 1 G 2 ; (vii) there exists an integer m ≥ 2, such that for i = 1, 2 there is a commation within focal groups G i FT m .
Proof. Obviously any of the conditions (iii), (iv), (v), (vi), (vii) implies (i). By Proposition 4.2, (i) implies (ii). Some of the remaining implications are immediate:
• Composing with the inclusion FT
[n]
q → FT q , we obtain the implication (iv)⇒(v).
• (vii)⇒(vi) and (iv)⇒(iii) are clear. Assume (ii). Then by Proposition 4.4, there are copci homomorphisms G i → FT q n i for some n 1 , n 2 (which can be chosen as q n i = s G i ). If n = max(n 1 , n 2 ), then there is (by the second equivalence in Proposition 4.4) a copci homomorphism FT
⊂ FT q n i and thus we have copci homomorphisms
q , so (iv) holds. Also assuming (ii), taking the same n, we have copci homomorphisms
Lemma 4.6. For any two distinct integers m, n ≥ 2, there is no copci homomorphism f : FT n → FT m .
Proof. We can suppose m < n. Considering the ranges of the modular function, the condition implies that n is an integral power of m. In particular n ≥ m 2 ≥ 2m. By Chebyshev's Theorem (Bertrand's postulate), there exists a prime p in ]m, 2m[. Thus m < p ≤ n.
Since W(FT n ) = {1}, f should be injective. We conclude by the observation that FT n contains an element of order p, while FT m has none.
A strengthening of Lemma 4.6 will be given in Proposition 7.8.
Remark 4.7. For any integers ≥ 2, m, n ≥ 1, the groups FT m and FT n are commable through . Indeed, both contain Q nm Z as a closed cocompact subgroup. Question 4.8. If G 1 and G 2 are focal LC-groups of totally disconnected type and are commable, are they always commable through G 1 G 2 ?
Commability in connected type
We now study commability between focal LC-groups of connected type; this is technically the most involved case.
We will prove the following theorem (see Corollary 5.11).
Theorem 5.1. Let G be a focal hyperbolic LC-group of connected type. Then there exists a W-faithful focal hyperbolic LC-groupĜ satisfying the following: for every LC-group H, the group H is commable to G within focal groups if and only if there is a copci homomorphism H →Ĝ. Moreover,Ĝ is unique up to topological isomorphism.
By Lemma 2.10, most of the study of commability can be carried out in the context of W-faithful hyperbolic groups, and therefore the W-faithfulness assumption will often be done in the next lemmas.
Let N be a simply connected nilpotent Lie group and n its Lie algebra. The tangent map at the identity induces a canonical isomorphism Aut(N ) → Aut(n). We say that α ∈ Aut(N ) is purely positive real if all its eigenvalues are real, and that a subgroup of Aut(N ) is purely positive real if all its elements are purely positive real. Note that the product of two commuting purely positive real elements is purely positive real.
Recall that a topological group is called a vector group if it is isomorphic to R k for some k ≥ 0.
Lemma 5.2. Let G be a real linear algebraic group and G = G(R). For any purely real subgroup A ⊂ G, closed and connected in the Lie topology, there exists a unique minimal vector group Ve(A) ⊂ Aut(N ) containing A and contained in the Zariski closure of A; the inclusion of A in Ve(A) is cocompact.
Proof. We can fix a real embedding of G into GL n and thus interpret G as a closed subgroup of GL n (R).
The Zariski closure B of A consists of matrices with only real eigenvalues. In particular, its identity component B
• in the ordinary topology consists of matrices with only positive real eigenvalues. It follows that B
• is a connected abelian Lie group and has no nontrivial compact subgroup and therefore B
• is a vector group. The existence and uniqueness result is now clear, namely Ve(A) corresponds to the vector subspace generated by A; cocompactness follows.
Lemma 5.3. Every automorphism α ∈ Aut(N ) can be written in a unique way as α = α r α i where α r is purely positive real, α i is elliptic (belongs to a compact subgroup of Aut(N )) and [α r , α i ] = 1. Moreover, α r and α i belong to the Zariski closure of the subgroup generated by α; in particular the centralizer of α d and α i each contain the centralizer of α.
Proof (sketched).
We work in the Zariski closure of the subgroup generated by α, which is abelian. We have a (unique) similar decomposition α = α s α u where α s is C-diagonalizable and α u is unipotent, and a (non-unique) decomposition α s = α d α k where α d is diagonalizable purely real and α k is C-diagonalizable with all eigenvalues on the unit circle. Finally write α d = α p α ± where α p is purely real and α ± has only eigenvalues in {−1, 1}. Finally set α r = α p α u and α i = α ± α k . This shows the existence result as well as the additional statement. Now let α = β r β i be another decomposition as in the statement of the lemma. So β has all its eigenvalues on the unit circle; thus both are unipotent; since the latter is C-diagonalizable, it is the identity, and thus we deduce α i = β i and α r = β r .
If G is a connected Lie group, let Nil(G) be its connected nilpotent radical, that is, its largest nilpotent normal connected subgroup; this is a closed characteristic subgroup. If G is any LC-group such that G
• is a Lie group (e.g., G is a focal W-faithful hyperbolic LC-group), we define Nilc(G) = Nil(G • ).
Lemma 5.4. Let G = N K be a connected Lie group, where N is simply connected nilpotent and K is compact. Assume that K acts faithfully on N . Then (i) every cocompact nilpotent subgroup of G is contained in N ; (ii) for every closed connected cocompact subgroup of G with a decomposition N 1 K 1 with N 1 nilpotent and K 1 compact, we have N 1 = N .
Proof. Let Γ be a cocompact nilpotent subgroup of G. We can suppose that the projection of Γ on K is dense, so we have to show K = 1. Assume the contrary. The action of K on N is nontrivial, so its action on N/[N, N ] is nontrivial as well; so we can mod out and thus assume N is a vector group. Since K is a compact connected Lie group with a dense nilpotent subgroup, it is abelian and in particular, modding out once more, we can suppose that N is 2-dimensional with a nontrivial action of K. We can also mod out by the kernel of the K-action, and hence we are reduced to the case of G = R 2 SO(2). The Zariski connected subgroups therein are either contained in R 2 , or compact, or G itself. Since the Zariski closure of G is nilpotent and cocompact, the only possibility is that Γ ⊂ R 2 , contradicting that Γ has a dense projection to SO(2).
Let us now prove the second statement. By the previous assertion, N 1 ⊂ N . Hence N 1 is a closed connected cocompact subgroup of N , so N 1 = N . 
compact. The action of K and L respectively are faithful because their kernel is normal and W(G) = W(H) = {1}. By Lemma 5.4, we obtain that Nil(
Let G be a W-faithful focal hyperbolic LC-group and N = Nilc(G). Note that Out(N ) is naturally the group of real points of a real linear algebraic group 1 . Let P G be the image of G in Out(N ). Let P r G denote the set of α r when α ranges over P G . If ξ ∈ G, let α(ξ) be the outer automorphism it induces on N .
Lemma 5.6. Let G be a W-faithful focal hyperbolic LC-group. The subgroup P G ⊂ Out(N ) is closed and for every ξ / ∈ Ker(∆) it contains the subgroup α(ξ) as an infinite cyclic discrete cocompact subgroup; besides, the subgroup P r G ⊂ Out(N ) is closed and contains the infinite cyclic subgroup α r as an infinite cyclic discrete cocompact subgroup for all α / ∈ Ker(∆). .
Proof. The natural homomorphism G → Out(N ) is continuous and factors through G/N , which contains the infinite cyclic subgroups α and α r as cocompact discrete subgroups; in restriction to those, it is proper, and therefore the homomorphism G/N → Out(N ) is proper and in particular has a closed image. The group G/N is the direct product of a cyclic group and a compact group [CCMT, Proposition 6.9]. Therefore P G is generated by a compact group K and a cyclic group centralizing each other. It follows that the Zariski closure S of P G is generated by K and an abelian group A contained in the centralizer of K. According to Lemma 5.3, we can write A = L × P where L is compact and P is purely positive real. It follows that S is the direct product of the compact group LK and P , and ρ : α → α r is the projection onto P . We see that elements of P are exactly those elements in S that are purely positive real. In particular P r G ⊂ P . Since ρ is proper and α is discrete infinite cyclic and cocompact in P G , we deduce that P r G is closed and contains the infinite cyclic subgroup α r as an infinite cyclic discrete cocompact subgroup for all α / ∈ Ker(∆).
Since P Proof. By Lemma 5.2, we have Ve(P r G ) ⊂ P and the inclusion P r G ⊂ Ve(P r G ) is cocompact. By Lemma 5.6, P r G has an infinite cyclic discrete cocompact subgroup. Thus Ve(P r G ) is a vector group with an infinite cyclic discrete cocompact subgroup, hence is isomorphic to R.
Finally observe that [P G ] = Ve( α r ) for α = α(ξ) and any ξ / ∈ Ker(∆). Picking ξ ∈ H, we obtain the same description for [P H ] and thus [ 
If U 1 , U 2 are groups and φ : U 1 → U 2 is an isomorphism, it induces an isomorphism Aut(U 1 ) → Aut(U 2 ) given by α → φ•α•φ −1 , which maps inner automorphism of U 1 onto inner automorphisms of U 2 and thus factors through an isomorphism φ * : Out(U 1 ) → Out(U 2 ).
Lemma 5.9. Let G 1 , G 2 be W-faithful hyperbolic focal LC-groups of connected type. Define N i = Nilc(G i ). Equivalences:
(i) G 1 and G 2 are commable; (ii) there exists a W-faithful focal hyperbolic LC-group G and copci homomorphisms
Proof. (ii) trivially implies (i).
Suppose (i) and let us prove (iii). Since the condition in (iii) is transitive, we can suppose that there exists a copci homomorphism φ : G 1 → G 2 . By Lemma 5.5, φ restricts to an isomorphism N 1 → N 2 and thus also induces an isomorphism φ * : Out(N 1 ) → Out(N 2 ) mapping
Suppose (iii) and let us show (ii). Identifying N 1 and N 2 through φ, we can suppose that
. By Lemma 5.8, P G 1 and P G 2 are both contained in C. Since C is Zariski-closed, it has finitely many ordinary connected components and C/B as well. So if L/B is a maximal compact normal subgroup of C/B, then for each i = 1, 2 there exists g i ∈ C such that g i P G i g −1 i ⊂ L. Since P G i and L are both 2-ended, the latter inclusion is cocompact. Therefore if G is the inverse image of L in Aut(N ) if we identify G 1 and G 2 with their image in Aut(N ) and if we lift g i to an element γ i ∈ Aut(N ), we have the cocompact inclusion
We say that a focal hyperbolic LC-group G is focal-universal if it is W-faithful, and if for every focal hyperbolic group H commable to G, there is a copci homomorphism H → G.
Proposition 5.10. Let G be a W-faithful focal hyperbolic LC-group of connected type and N = Nilc(G). The following statement are equivalent:
where C(·) denotes the centralizer in Out(N ); (iii) the image of G in Out(N ) is maximal among closed 2-ended subgroups. (iv) G is focal-universal within Aut(N ), in the sense that, identifying G with its image in Aut(N ), it is not strictly contained as a cocompact subgroup in any larger closed subgroup of Aut(N ); (v) every copci homomorphism G → G 1 into a W-faithful focal hyperbolic LC-group is a topological isomorphism.
L is closed 2-ended and contains P G so by (iii) we have
Suppose (iv) and let us show (iii). Let the image P G of G in Out(N ) be contained in a closed 2-ended subgroup L, and let G 1 be its inverse image in Aut(N ). Then G ⊂ G 1 is cocompact so by (iv), we have G = G 1 and hence P G = L.
Suppose (v) and let us show (iv). Suppose that G ⊂ G 1 ⊂ Aut(N ). Then G 1 is W-faithful: indeed if W is compact normal in G 1 , then W is mapped injectively into Out(N ), and hence acts faithfully on N which implies [W, N ] = 1, hence W ∩ N = 1, which is a contradiction unless W = 1. So from (v) it follows that G 1 = G.
Suppose (i) and let us show (v). Let i : G → G 1 be a homomorphism as in (v). Since G is W-faithful, i is injective. Since G is universal, there also exists a copci homomorphism j : G 1 → G, and since G 1 is W-faithful, j is also injective. The existence of i and j imply dim(G) = dim(G 1 ) and then |π 0 (G)| = |π 0 (G 1 )|, and finally that i and j are topological isomorphisms.
Finally suppose (ii) and let us show (i). Let G 1 be commable to G. Then Lemma 5.9 shows that there exists a focal hyperbolic LC-group G 3 with copci homomorphisms G 1 → G 3 ← G. But following the proof of (iii)⇒(ii) of Lemma 5.9, we see that the maximality of P G implies that by construction the homomorphism G → G 3 is an isomorphism. Thus we have a homomorphism G 1 → G with the desired properties.
Corollary 5.11. Every focal hyperbolic LC-group of connected type G admits a copci homomorphism into a W-faithful focal-universal LC-groupĜ. Moreover,Ĝ is uniquely defined up to isomorphism by the weaker requirement that it is focal-universal and that G is commable toĜ.
Proof
. By Proposition 5.10,Ĝ is focal-universal.
The uniqueness follows from the definition of being focal-universal, and (v) of Proposition 5.10.
Corollary 5.12. Any two commable focal hyperbolic groups of connected type are commable within focal groups through .
If G is a W-faithful focal group of connected type and N = Nilc(G). LetǦ be the inverse image of [P G ] in Aut(N ). Call it the purely real core of G. Note that if G is focal-universal, thenǦ is contained in G, and is normal and cocompact.
Definition 5.13. A Heintze group is a Lie group of the form N R, where N is a simply connected nilpotent Lie group and the action of positive elements of R on N is contracting. It is purely real if all complex eigenvalues of the action of R on the Lie algebra of N are real.
Remark 5.14. Heintze [He74] proved that a connected Lie group of dimension ≥ 2 admits a left-invariant Riemannian metric of negative sectional curvature if and only if it is a Heintze group.
Proposition 5.15. Let G be a W-faithful focal group of connected type. If G is focaluniversal, or more generally if [P G ] ⊂ P G thenǦ is the unique purely real Heintze closed cocompact subgroup in G.
Proof. ClearlyǦ satisfies these properties. Conversely, assume that H satisfies these properties. By Lemma 5.5, H contains N = Nilc(G). Since H is a Heintze group, H/N is isomorphic to R. Since H is purely real, we have P H ⊂ [P G ]. Since P H is isomorphic to R, this is an equality and hence H =Ǧ.
Corollary 5.16. Every focal hyperbolic group of LC-type is commable to a purely real Heintze group, unique up to isomorphism.
Commability in mixed type and the -invariant
Definition 6.1. Let G be a focal hyperbolic LC-group. Consider the modular functions of G/(G • ∩ Ker ∆ G ) (which is the same as G/G • if G is not of connected type) and G/G ; by composition they define homomorphisms ∆ td G , ∆ con G : G → R + , which we call restricted modular functions. Since Hom(G, R) is 1-dimensional, if G is not of totally disconnected type then ∆ con G is nontrivial and hence there exists a unique
Because of the compacting element in G, necessarily (G) ≥ 0, with equality if and only if G is of connected type. If G is of totally disconnected type we set (G) = +∞. Definition 6.2. Let H, A be focal hyperbolic LC-groups, with H of connected type with a surjective modular function and with A of totally disconnected type. For > 0, define
This is a focal hyperbolic LC-group of mixed type, satisfying (H × A) = . If q ≥ 2 is an integer and is a positive real number, define in particular
Proposition 6.3. Let G 1 , G 2 be focal hyperbolic LC-groups of mixed type. Equivalences:
(i) G 1 and G 2 are commable; (ii) the following three properties hold:
• G 1 /G 1 and G 2 /G 2 are commable within focal groups
• (G 1 ) = (G 2 ); (iii) there is a commation within focal groups G 1 G 2 ; (iv) there exists a non-power integer q ≥ 2, an integer n ≥ 1, a focal-universal group of connected type H and a positive real number > 0 such that for i = 1, 2 there is a commation within focal groups
[n] ; (v) there exists a non-power integer q ≥ 2, a focal-universal group of connected type H and a positive real number > 0 such that for i = 1, 2, there is a commation within focal groups with
Proof. Obviously any of (iii), (iv), (v), (vi), or (vii) implies (i).
(i)⇒(ii). When passing from G to a closed cocompact subgroup or to the quotient modulo a compact normal subgroup, the restricted modular functions do not change. Therefore, assuming (i), we obtain (G 1 ) = (G 2 ). The remaining conditions of (ii) follow from Lemma 3.8.
Other immediate implications are that (iv) implies (iii) and (v), and that (vii) implies (vi).
Let us now prove that (ii) implies (iv) and then (vii). Consider a proper cocompact embedding of G/N i into a focal-universal group H i . By (ii) and Corollary (5.11), H 1 and H 2 are isomorphic, so we write H = H i . The diagonal map
• has its image contained and cocompact in H × (G/G • ) (where again by
(ii) does not depend on i). Thus we get a copci homomorphism
q as in the proof of (ii)⇒(iv) of Corollary 4.5, where q is a non-power integer. Then these extend to copci homomorphisms
This proves (iv).
Consider now the copci homomorphisms
[n−n i ] → FT q n from the proof of (ii)⇒(vii) of Corollary 4.5. These extend to copci homomorphisms
proving (vii).
In view of Corollary 5.16, we deduce:
Corollary 6.4. Every focal hyperbolic LC-group of mixed type G is commable to an LC-group of the form H[ , q], for some purely real Heintze group H of dimension ≥ 2 uniquely defined up to isomorphism, a unique ∈ ]0, ∞[, and a unique non-power integer q ≥ 2.
The corollary can also be stated for an arbitrary focal group. If H is a group with a quotient homomorphism onto R with compact kernel, we just define H[∞, q] = FT q . Also, if H if a focal group of connected type, we define H[0, 1] = H.
Corollary 6.5. Every focal hyperbolic LC-group G is commable within focal groups to an LC-group of the form H[ , q], for some purely real Heintze group H uniquely defined up to isomorphism, a unique ∈ [0, ∞], and a unique non-power integer q ≥ 1. Here (H, , q) satisfies the compatibility condition: dim(H) = 1 if and only if = 0 and q = 1 if and only if = ∞.
Commability between focal and general type groups
Unlike in the previous sections, we allow ourselves to use (soft) arguments related to hyperbolicity.
Recall that a hyperbolic LC-group is non-elementary if it boundary is uncountable, or equivalently contains at least 3 points. We define a focal-hyperbolic LC-group as a nonelementary hyperbolic LC-group whose action on the boundary has a fixed point. A general type hyperbolic LC-group is by definition a non-elementary hyperbolic LC-group that is not focal-hyperbolic.
In the terminology of the present paper, we have Theorem 7.1 ( [CCMT] ). An LC-group is focal-hyperbolic if and only if it is focal.
We now make free use of this theorem, writing focal for focal-hyperbolic. If H → G is a copci homomorphism between LC-groups, G is hyperbolic (resp. nonelementary hyperbolic) if and only if H is hyperbolic (resp. non-elementary hyperbolic), and if G is focal, so is H; conversely if H is focal, then G is either focal or general type.
This situation was clarified in [CCMT] . Define an S1-group to be an LC group G with W(G) compact, such that G/W(G) is isomorphic to an open subgroup of finite index in the isometry group of a rank 1 symmetric space (actually this index can only be 1 or 2). An S1-group is hyperbolic of general type.
Proposition 7.2. Let H → G be a copci homomorphism between locally compact groups, with H focal and G non-focal. Then either
• H is of totally disconnected type, or • H is of connected type, and G is an S1-group. Conversely, if H is a focal LC-group of totally disconnected type, then is admits a copci automorphism into a non-focal LC-group.
Proof. Necessarily G is of general type, so by the (elementary) [CCMT, Proposition 5 .10], either G is compact-by-(totally disconnected) in which case H is of totally disconnected type, or G is an S1-group. In the latter case, G/W(G) is a Lie group and hence H/W(H) is a Lie group as well, so H is of connected type.
For the second statement, we know that H admits a copci homomorphism into FT m for some m ≥ 2, and the latter admits a copci homomorphism into the automorphism group of a (m + 1)-regular tree, which is not focal (for instance, because it is admits cocompact lattices and hence is unimodular).
Definition 7.3. We say that an LC-group is special focal if it is focal and admits a copci homomorphism into a non-focal LC-group. Proposition 7.4. If H → G is a copci homomorphism between focal LC-groups, then H is special focal if and only if G is special focal. In particular, to be special focal is invariant under commability within focal LC-groups.
Proof. Trivially G special implies H special. For the converse, assume H special. By Proposition 7.2, it is either of totally disconnected or connected type. In the first case, G is also special by the same proposition. The remaining case is when H is special of connected type; in this case we only sketch a proof, since the conclusion can also be deduced from quasi-isometric rigidity arguments.
The first step is to show that for every rank 1 symmetric space X and boundary point ω, the stabilizer G of ω in S = Isom(X) is focal-universal, using the characterization in Proposition 5.10(ii). This can be done by a case-by-case check. In the language of semisimple groups, the setting is the following: S is the automorphism group of a simple adjoint Lie group of real rank 1 (which can be identified to S • ); G is a maximal parabolic subgroup; it admits a Levi decomposition G = N A, where N = Nilc(G) is the unipotent radical of G and A has the canonical decomposition A = [P G ] × K (K compact). In each case, we have to check that, denoting by
For instance, for the n-dimensional real hyperbolic space (n ≥ 2), this group G is isomorphic to the group of affine similarities of R n , namely R
Out(N ) = GL n (R), and P G is the group of linear similarities of R n , [P G ] is the group of positive scalar matrices in GL n (R).
The interested reader can check the other cases.
Hence assuming H → G is copci, and H is special, let H → G 1 be a copci homomorphism with G 1 non-focal. By Proposition 7.2, G 1 can be chosen to be the isometry group Isom(X) of a symmetric space X of rank 1 and noncompact type. By amenability, G 1 fixes a boundary point, and hence falls into Isom(X) ω for some ω. By the case-by-case verification, Isom(X) ω is focal universal. So by Theorem 5.1, there exists a copci homomorphism G → Isom(X) ω , and hence by composition we get a copci homomorphism G → Isom(X). Thus G is special.
The following lemma is essentially contained in [CCMT] .
Lemma 7.5. Let G 1 , G 2 be focal hyperbolic LC-groups. Equivalences:
(i) there exists a hyperbolic LC-group G with copci homomorphisms
(ii) there exists a focal hyperbolic LC-group G with copci homomorphisms
Proof. Let us prove the nontrivial implication. Assuming (i), if G is focal, there is nothing to prove. Otherwise the action of G i on the boundary of G has a unique fixed point ω i and is transitive on the complement [CCMT, Proposition 5.5(c)]; the action of G on ∂G extends the latter action and does not fix ω i , so G is transitive on ∂G. Thus the stabilizers G ω 1 and G ω 2 are closed cocompact focal subgroups of G and are conjugate. So after conjugation in G, we can suppose that G 1 and G 2 are mapped into a single closed cocompact focal subgroup of G, proving (ii).
Proposition 7.6. Let G 1 , G 2 be focal hyperbolic LC-groups of totally disconnected type. Then G 1 and G 2 are commable through , more precisely there exists k ≥ 2 such that both G 1 and G 2 are commable to a finitely generated free group of rank k through .
Proof. There is a copci homomorphism G i → Aut(T i ) for some regular tree T i of finite valency at least 3. For d large enough, Aut(T i ) (i = 1, 2) contains a cocompact lattice isomorphic to a free group of rank k = 1 + d!. Thus we have copci homomorphisms
Thus there exists a single commability class containing all focal LC-groups of totally disconnected type and all virtually free discrete groups.
Question 7.7. Let G be a locally compact group having a continuous, proper cocompact action on a locally finite tree T . Assume that T has no vertex of valency 1 and has at least one vertex of degree ≥ 3. Is G commable to F 2 (or equivalently to a focal group of totally disconnected type)?
By a result of Bass and Kulkarni if G is as in Question 7.7 and is unimodular, then it has a cocompact lattice; in particular, the answer to Question 7.7 is positive if G is unimodular.
A thorough study of cocompact isometry groups of bounded valency trees is carried out in [MSW02] .
Note that the converse of Question 7.7 holds: if a locally compact group G is commable to F 2 , then it admits a continuous, proper cocompact action on a locally finite tree T with no vertex of valency 1 and has at least one vertex of degree ≥ 3. This fact is used throughout [MSW02] and is explicitly stated in the survey [C13] .
Using Lemma 7.5, we can improve Lemma 4.6.
Proposition 7.8. For any two distinct integers m, n ≥ 2, the groups FT n and FT m are not commable through .
When m and n have common powers, this is in a sense optimal, in view of Remark 4.7. Otherwise, we have: Proposition 7.9. For any two integers m, n ≥ 2 such that
n, there the groups FT n and FT m are not commable through .
Proof of Propositions 7.8 and 7.9. In both cases, arguing by contradiction and up to switching m and n, we can suppose we have copci homomorphisms between focal groups FT n ← G → H ← FT m . Then G is focal, so by Lemma 7.5, we can suppose that H is focal. In view of Proposition 4.4, we can suppose that H = FT s for some s, and by Lemma 4.6, we deduce that s = n. Thus in both cases, we have copci homomorphisms FT n ← G → FT m . In the setting of Proposition 7.8, we can assume from the beginning that G = FT n and we obtain a contradiction with Lemma 4.6.
In the setting of Proposition 7.9, we deduce that FT n and FT m are commable within focal groups. Their q-invariants are max √ n and max √ m (see Lemma 4.3), which should be equal by Proposition 4.2, a contradiction.
As a corollary of Proposition 7.8, we obtain Corollary 7.10. There are no focal-universal LC-groups of mixed or totally disconnected type.
Proof. Let G be a counterexample. First assume that G is of totally disconnected type. Then for q = q G , there are copci homomorphisms FT q → G ← FT q 2 . This contradicts Proposition 7.8.
The case of mixed type is based on the same idea and left to the reader.
QI-invariance of the -invariant
In this section, we prove the following theorem.
Theorem 8.1. Let G 1 , G 2 be focal quasi-isometric LC-groups. Then G 1 and G 2 have the same type and
Remark 8.2. T. Dymarz proves in [Dy12] that if G 1 and G 2 are focal LC-groups of mixed type then q G 1 = q G 2 . In combination with Theorem 8.1, this provides a reduction of the quasi-isometric classification of focal groups to the connected type case, see the discussion in [C13] .
We first need to describe the topology of the boundary.
Proposition 8.3. Let G be a focal LC group and ∂G its visual boundary, and ω the unique G-fixed point in ∂G.
• if G is of connected type ∂G is homeomorphic to a (d − 1)-sphere for some unique
• if G is of totally disconnected type, ∂G is homeomorphic to a Cantor space C;
• if G is of mixed type, then ∂G is homeomorphic to the 1-point compactification
where ω corresponds to the compactifying point, for some unique
In particular, if G is of mixed type, then every self-homeomorphism of ∂G fixes ω. If H is a Heintze group and
Note that there are some trivial instances of the topological description of these boundaries: the (d−1)-sphere is homeomorphic to the one-point compactification of R d−1 , and the Cantor space C is homeomorphic to the one-point compactification of C × Z.
Proof of Proposition 8.3. The uniqueness of d follows from the fact that the dimension of a manifold is a topological invariant in the case of the d-sphere. In Ξ d , observe that ω is the unique point whose complement is disconnected, and that any connected component of Ξ d {ω} is homeomorphic to R d . This proves the uniqueness of d as well as the fact that ω is fixed by any self-homeomorphism of Ξ d .
To prove the main statement, if G has connected type, then by Proposition 5.15, we can suppose that G is Heintze. Hence it admits a left-invariant Riemannian metric of negative sectional curvature and hence its boundary is homeomorphic to a (dim(H) − 1)-dimensional sphere. If G has totally disconnected type, then it admits a continuous proper cocompact action on a regular tree of finite valency ≥ 3 and hence its boundary is homeomorphic to a Cantor space.
Finally assume that G has mixed type. We can suppose by Corollary 6.4 that G = H[ , m], with real parameter ∈ ]0, ∞[ and integer m ≥ 2. The latter admits, as a cocompact subgroup, a group of the form (N × Q m ) Z, where the positive generator of Z acts on the simply connected nilpotent Lie group N by a contracting automorphism, and on Q m by multiplication by m (which is also contracting). The action of N × Q m on ∂G {ω} is transitive and the stabilizer of a given point is a compact subgroup, invariant under the action of Z (see the proof of [CCMT, Proposition 5.5]); since the action of Z is contracting, this stabilizer is trivial. Hence the action is simply transitive and ∂G {ω} is homeomorphic to N ×Q m . Since a compact Hausdorff space is homeomorphic to the one-point compactification of the complement of any singleton, we obtain the desired conclusion.
We now proceed to the proof of Theorem 8.1. We first prove (i), which is a simple consequence of the structure of the boundary. We next prove (ii), using L p -cohomology computations from [CT11] .
Proof of Theorem 8.1, first part. Observe that by Proposition 8.3, a focal LC-group has connected type if and only if its boundary is locally connected, and has totally disconnected type if and only if its boundary is totally disconnected. This proves that G 1 and G 2 have the same type, and reduces (ii) to the mixed type case.
Writing H i = G i /G i , let us prove (i). It is trivial in the connected type case; in the totally disconnected type case, both H 1 and H 2 are quasi-isometric to Z. So we can suppose that G 1 and G 2 both have mixed type.
The quasi-isometry from G 1 to G 2 induces a quasi-symmetric homeomorphism h : ∂G 1 → ∂G 2 . Let ω i be the G i -fixed point in ∂G i . By Proposition 8.3, there exists d ≥ 2 such that ∂G i is homeomorphic to Ξ d for i = 1, 2, and by the same proposition, h(ω 1 ) = ω 2 . Hence h restricts to a quasi-symmetric homeomorphism from ∂G 1 {ω 1 } to ∂G 2 {ω 2 }, which sends a connected component C 1 (fixed once and for all) of ∂G 1 {ω 1 } to a connected component C 2 of ∂G 2 {ω 2 }. Observe that C 1 ∪ {ω} is quasi-symmetrically homeomorphic to ∂H i for i = 1, 2. Accordingly, ∂H 1 and ∂H 2 are quasi-symmetrically homeomorphic. Using [BS07, Corollary 7.2.3], we deduce that H 1 and H 2 are quasi-isometric.
It remains to prove Theorem 8.1(ii) in the mixed type case; we pause for a little while.
We use computations of L p -cohomology carried out in [CT11] (inspired by Pansu's computations for Lie groups). Recall that for any locally compact group G endowed with a left Haar measure, its first L p -cohomology group H Proof. Let the positive generator of Z multiply the volume of M by δ and of V by δ , so that δ = δ δ . Then p 0 (G/V ) = log(δ )/ log(λ), and thus p 0 (G)/p 0 (G/V ) = log(δ)/ log(δ ) = 1 + log(δ )/ log(δ ).
By definition of , we have (G) = log(δ )/ log(δ ), proving the lemma.
Proof of Theorem 8.1(ii), conclusion. First assume that G 1 and G 2 have the form given in Theorem 8.4. By Pansu's quasi-isometry invariance of L p -cohomology and Theorem 8.4, we have p 0 (G 1 ) = p 0 (G 2 ). Besides, by Theorem 8.1(i), H is quasi-isometric to H , and thus again by Pansu's quasi-isometry invariance of L p -cohomology and Theorem 8.4 (this time in the connected type case due to Pansu), we have p 0 (H 1 ) = p 0 (H 2 ) (recall that H i = G i /G i ). By Lemma 8.5, we have (G 1 ) = p 0 (G 1 )/p 0 (H 1 ) = p 0 (G 2 )/p 0 (H 2 ) = (G 2 ).
In general, G i is commable to a group G i of the form given in Theorem 8.4. So by commability invariance of and the previous case, we have (G 1 ) = (G 1 ) = (G 2 ) = (G 2 ).
Using Dymarz' result (Remark 8.2), this yields the following corollary. The "if" part is easier. Indeed, if the conditions are satisfied, then q G 1 = q G 1 , (G 1 ) = (G 2 ) and G 1 /G 1 and G 2 /G 2 are isomorphic, so by Proposition 6.3, G 1 and G 2 are commable, hence quasi-isometric.
Let us indicate the geometric interpretation of Corollary 8.6. Let X be a homogeneous negatively curved Riemannian manifold of dimension ≥ 1. If k ≥ 1, the millefeuille space X[k], introduced in [CCMT] , is the space obtained as follows. Let ω be a boundary point of X such that Isom(X) ω is transitive on X (if Isom(X) is focal, ω is taken to be the fixed point; otherwise any boundary point works); let b be a Busemann function on X based at ω. Let the (k + 1)-regular tree T k be endowed with a Busemann function b . Then the millefeuille space is defined as X[k] = {(x, y) ∈ X × T k : b(x) = b (y)}. It is endowed with a natural geodesic distance, so that for any vertical geodesic D in T k , the subset X[k] ∩ (X × D) is geodesic and the natural projection from X[k] ∩ (X × D) to X is a bijective isometry. If the sectional curvature of X is ≤ −κ then X[k] is CAT(−κ).
Also, for t > 0, let X {t} be the Riemannian manifold obtained from X by multiplying the Riemannian metric by t −2 (thus multiplying the Riemannian distance by t −1 and the curvature by t).
Corollary 8.7. Let X be a homogeneous negatively curved Riemannian manifold of dimension ≥ 2, and let k 1 , k 2 be integers ≥ 2 and let t 1 , t 2 be positive real numbers. Then X {t 1 } [k 1 ] and X {t 2 } [k 2 ] are quasi-isometric if and only if log(k 1 )/t 1 = log(k 1 )/t 2 and to A t 1 (recall that A 1 is contained in a unique one-parameter subgroup consisting of matrices with positive eigenvalues). We can thus rewrite the equality (G 1 ) = (G 2 ) as n 2 log(q) log(det(A 1 ) = n 1 log(q) t log(det(A 1 ) .
Thus t = n 1 /n 2 . So k 
